Harmonic Green's functions for a thin semi-infinite plate with clamped or free edges are developed starting from either simply supported or roller supported solutions and applying corrections to account for boundary excitation. This is achieved by connecting the solutions in terms of polar coordinates with the solutions in Cartesian coordinates. The formal solutions in the form of improper wave-number integrals are numerically evaluated using adaptive Clenshaw-Curtis integration. Alternate solutions obtained for each boundary condition compare well. Only harmonic point loads are considered in this article but the methodology may be extended to moment excitation and distributed loads. The methodology developed here will form the basis for advancing the ray tracing technique for vibration analysis of finite plates.
INTRODUCTION
The Green's functions for the harmonic response of semi-infinite plates serve as the basis for a ray tracing method used to construct solutions in finite domains and for boundary element models. The ray tracing technique has already been implemented successfully to predict harmonic responses in beams and rectangular plates with simply supported and roller supported boundary conditions. 1 New solutions needed for clamped and free edges are developed in this article.
A similar problem of interest to seismologists is the propagation of tremors over the surface of an elastic halfspace due to harmonic line sources on the surface 2 or buried line sources radiating cylindrical 3 or conical 4 pulses. The main focus in elastic half-space problems is the wave propagation on the free surface. Other investigators have examined the acoustic radiation Green's functions for fluid-filled elastic plates governing the production of aerodynamic sound by sources near the edges of a semi-infinite plate 5 or an infinite plate with discontinuities. 6 To the best of our knowledge, two studies have specifically addressed the Green's functions for semi-infinite plates. Ortner 7 uses the semi-infinite clamped beam solution to obtain the dynamic Green's function for a clamped semiinfinite plate with a special orthrotropic property. He uses Laplace-Fourier transform techniques to derive the dynamic Green's function in the form of a double integral but it was not evaluated numerically. Static Green's function for a clamped semi-infinite plate on an elastic foundation was obtained by adding clamping terms to the simply supported solution. Similarly Kerr 8 derives the static Green's functions for a clamped semi-infinite plate on a Winkler foundation by formulating an integral equation for an unknown distributed load on the boundary line and by adding clamping terms to the roller supported solution.
I. PROBLEM FORMULATION

A. Governing equations
The equation governing the transverse motion w(r,t) of an isotropic homogeneous plate of constant thickness (h) is given by classical thin plate theory 9 as Dٌ 4 w͑r,t ͒ϩh ‫ץ‬ 2 ‫ץ‬t 2 w͑r,t ͒ϭ p͑r,t ͒᭙r⍀, ͑1͒
where DϭEh 3 /12(1Ϫ 2 ) is the flexural rigidity of the plate, E is the Young's modulus, is the Poisson's ratio, ٌ 4 is the biharmonic operator, is the mass density, p(r,t) is the normal force per unit area, r the position vector, and t is the time. For harmonic excitation at a constant circular frequency , p(r,t)ϭp (r)exp(Ϫit), the response will be w(r,t)ϭŵ (r)exp(Ϫit), allowing us to suppress the time dependence from Eq. ͑1͒ and carry out the analysis in the frequency domain. Thus Eq. ͑1͒ can be rewritten as
where k is the bending wave number. Structural damping behavior is incorporated in the formulation by substituting D(1Ϫi) for D in Eq. ͑2͒, being the structural loss factor.
The negative sign in D(1Ϫi) is chosen to yield behavior consistent with equivalent viscous damping for the exp(Ϫit) time dependence.
B. Boundary conditions
At a regular point ͑not a corner͒ on a continuous boundary ‫ץ‬⍀, the bending moment M n (w), twisting moment M t (w), shear force Q n (w), and Kelvin-Kirchhoff edge reaction V n (w) are given by the following expressions:
͑6͒
where cos ␣ϭn-e x and sin ␣ϭn-e y are the direction cosines of the outward normal n, s is the tangential coordinate considered positive in the counterclockwise direction, e x ,e y ,e z are the unit vectors in the coordinate directions, and e n ,e t are the unit vectors along n, ‫ץ‬⍀, respectively. The four classical boundary conditions are simple supports, roller supports, clamped, and free edges, which satisfy the following relations on ‫ץ‬⍀:
simple supports ͑S͒: wϭ0, M n ͑ w ͒ϭ0, roller supports ͑R͒: ‫ץ‬w/‫ץ‬nϭ0, V n ͑ w ͒ϭ0, ͑7͒ clamped edge ͑C͒: wϭ0, ‫ץ‬w/‫ץ‬nϭ0, free edge ͑F͒: M n ͑ w ͒ϭ0, V n ͑ w ͒ϭ0. Figure 1 illustrates the plate geometry along with the excitation and boundary conditions. Without loss of generality, the semi-infinite plate is assumed to be oriented such that its edge coincides with the x axis of the coordinate system. The plate domain ⍀ is given by ⍀ϭ͕(x,y)/yу0͖. The plate is excited by a unit harmonic force concentrated at r s ϭ(0,y s ). Hence p (r)ϭ␦(rϪr s ), ␦ being the Dirac's delta function. On the plate edge (yϭ0), one of the four classical boundary conditions described by Eq. ͑7͒ is applied. In addition, the Sommerfeld radiation condition must be satisfied as the observation point approaches infinity in the y direction ͑as y→ϱ͒. We seek to derive analytical harmonic Green's functions of Eq. ͑2͒ in ⍀ for the excitation and boundary conditions as described above.
C. Statement of the problem
D. Infinite plate solution
The Green's function for an infinite plate G ϱ (r͉r s ;k) represents the transverse deflection ŵ (r) due to a unit concentrated harmonic load p (r)ϭ␦(rϪr s ) at r s :
where rϭ͉rϪr s ͉ is the distance of the observation point from the source location and H 0 1 is the zero order Hankel function of the first kind. The fundamental solution given by Eq. ͑8͒ satisfies the Sommerfeld radiation condition at infinity which requires the source to yield only outgoing waves. This is evident from the asymptotic expansion of the Hankel functions for large argument.
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In this paper, the Green's functions for the semi-infinite plate are obtained by adding correction terms to the infinite plate fundamental solution G ϱ (r͉r s ;k) to account for the boundary conditions. The representation for G ϱ (r͉r s ;k) given by Eq. ͑8͒ contains both the arguments 
Like the simply supported case, the solution for the roller supported edge is obtained from the method of images as
This solution has zero normal slope ‫ץ‬ŵ /‫ץ‬n and zero edge reaction V n (ŵ ) on the plate edge. The transverse deflection ŵ and the bending moment M n (ŵ ) along the edge are given by
B. Clamped edge via correction to roller supported edge
In this section, the Green's function for a clamped edge is obtained by adding to G r (r͉r s ;k) given by Eq. ͑22͒, terms corresponding to certain waves which travel along the edge and decay or propagate in the plate interior. However, a simpler problem of a semi-infinite plate subjected to the following boundary excitation needs to be solved first: ŵ ϭW(k x )exp(ik x x) on yϭ0 and ‫ץ‬ŵ /‫ץ‬nϭ0 on yϭ0. A trial function which satisfies the homogeneous form of governing Eq. ͑2͒ is
͑25͒
The solution given by Eq. ͑25͒ is suitable for any type of boundary excitation since it yields bounded responses ͓waves propagating in the interior ͑first term if k x Ͻk͒, and waves traveling along the edge and decaying in the plate interior ͑second term and first term if k x Ͼk͔͒. Imposing the boundary conditions leads to the following system of equations for the coefficients A(k x ) and B(k x ):
The coefficient matrix in Eq. ͑26͒ is never singular. Solving Eq. ͑26͒ gives the solution as
In a roller supported plate, the transverse deflection along the edge is given by Eq. ͑23͒. In the limiting case when y s approaches zero, from Eq. ͑34͒, V n (ŵ )ϭϪ1/2͐ Ϫϱ ϱ exp(ik x x)dk x which is nothing but Ϫ␦(x), as it should be.
C. Clamped edge via correction to simply supported edge
In this section, the Green's function for a clamped edge G c (r͉r s ;k) is obtained by modifying G s (r͉r s ;k) given by Eq. ͑19͒. The simpler problem whose solution is used to construct G c (r͉r s ;k) is that of a semi-infinite plate with the following boundary excitation: ŵ ϭ0 on yϭ0 and ‫ץ‬ŵ /‫ץ‬nϭW n (k x )exp(ik x x) on yϭ0. Using the trial solution given by Eq. ͑25͒ and applying the boundary conditions leads to the following system of equations for the coefficients A(k x ) and B(k x ):
͑36͒
In a simply supported plate, the component of wave number k x of the normal slope along the edge is given by Eq. ͑20͒ as For a clamped edge, both displacement and normal slope must vanish on the boundary. In the derivation from the Green's function of a simply supported edge, the displacement on the boundary is already zero and we need to subtract only the contribution from the normal slope excitation on the boundary to get G c (r͉r s ;k). Conversely, in the derivation from the roller supported edge, the normal slope along the edge being zero only the contribution from the displacement excitation is subtracted to get G c (r͉r s ;k). In Eq. ͑44͒, we have the free space Green's function G ϱ (r͉r s ;k) which will yield nonzero displacement and normal slope along the line yϭ0. Hence subtract the contributions from both the boundary excitations to arrive at G c (r͉r s ;k). The multiplicative factor 1/2 in Eq. ͑44͒ comes from the fact that the boundary excitations are half that of simply supported and roller boundary conditions. ͑The choice of image source annuls the two required conditions while doubling the other two.͒
D. Free edge via correction to roller supported edge
The Green's function for a free edge G f (r͉r s ;k) is obtained by modifying G r (r͉r s ;k) as given by Eq. ͑22͒. The simpler problem whose solution is used to construct G f (r͉r s ;k) is that of a semi-infinite plate with a boundary moment excitation: M n ϭM (k x )exp(ik x x) and V n ϭ0 on yϭ0. Using the trial solution given by Eq. ͑25͒ and applying the boundary conditions leads to the following system of equations for the coefficients A(k x ) and B(k x ):
͑45͒
Solving Eq. ͑45͒ gives
where ⌬ is the determinant of the coefficient matrix given by
. ͑47͒
The coefficient matrix in Eq. ͑45͒ is singular when
For a steel plate with Poisson's ratio ϭ0.28, the coefficient matrix is singular when k x /kϷ1.0007. The null space of the coefficient matrix has dimension 1, which implies that A(k x ) and B(k x ) are nonzero even when there is no boundary excitation. Since we restrict k x to be on the real ͑Re͒ line and k has a small imaginary ͑Im͒ part because of the mild dissipation included in the system, the coefficient matrix is never singular, but close to singular when k x ϷRe(k).
In a roller supported plate, the component of wave number k x of the bending moment M n along the edge is given by Eq. ͑24͒ as 
E. Free edge via correction to simply supported edge
In this section, the Green's function for a free edge G f (r͉r s ;k) is obtained by modifying G s (r͉r s ;k) given by Eq.
͑19͒. The simpler problem whose solution is used to construct G f (r͉r s ;k) is that of a semi-infinite plate with a boundary force excitation: M n ϭ0 on yϭ0 and V n ϭV(k x ) ϫexp(ik x x) on yϭ0. Using the trial solution given by Eq. ͑25͒ and applying the boundary conditions leads to the following system of equations for the coefficients A(k x ) and B(k x ):
͑55͒
Solving Eq. ͑55͒ gives 
III. CLENSHAW-CURTIS INTEGRATION OF WAVE-NUMBER INTEGRALS OVER FINITE INTERVALS
The wave-number integrals occurring in the expressions for the Green's functions of a semi-infinite plate are in the form of improper ͑infinite͒ integrals as given by Eqs. ͑29͒, ͑38͒, ͑50͒, and ͑58͒. For the purpose of numerical quadrature, these are broken down into many finite integrals. These integrals typically are of the form A brief outline of this method, commonly referred to as the Clenshaw-Curtis integration, is given next. Define, for later use, the functions I m (t) and J m (t) along with their recursive expressions as follows: 
Define G m, j and its recursive relations as
Given a function g(x,k x ) that has to be integrated over the interval k x ͓a,b͔, first normalize the range of integration to ͓Ϫ1,1͔ by introducing the function k x ϭAzϩB, where Aϭ(bϪa)/2, Bϭ(bϩa)/2. This function is approximated by a finite Chebyshev series as follows:
͑69͒
The unknown constants D m (x) are calculated using
The double prime on the summation symbol denotes summation over a sequence whose first and last terms are halved:
The Clenshaw-Curtis quadrature formula is expressed in terms of these functions as follows:
A typical wave-number integrand with a near singularity at k x ϭ1.0.
FIG. 3.
Comparison of the G c (r,r s ;k) given by Eqs. ͑33͒ and ͑44͒ along xϭ0 for a semi-infinite plate with a clamped edge. Key: ---, Eq. ͑33͒; ᭺, Eq. ͑44͒. 
͑73͒
When Nϭ8, the error in these quadrature formulas is estimated by Xu and Mal 15 as
Using the definitions of the trigonometric functions in terms of the exponential functions,
If the error estimate ⑀ for numerically evaluated integrals is larger than a prescribed tolerance value, then the interval is subdivided into two halves, and the process is repeated for each of the subintervals. The interval subdivision is repeated until the error estimate becomes smaller than the tolerance value. Hence this method is designated as ''adaptive integration.'' More subdivisions are required when the function has a near singularity in the interval of integration.
IV. EVALUATION OF IMPROPER WAVE-NUMBER INTEGRALS OCCURRING IN GREEN'S FUNCTION FORMULAS
The previous section showed how to evaluate wavenumber integrals over a finite interval. Green's function ex- pressions contain improper wave-number integrals of the form ͐ 0 ϱ g(x,k x )cos(k x x)dk x and ͐ 0 ϱ g(x,k x )sin(k x x)dk x . This section shows how these improper integrals are expressed as a series of finite integrals, and how the sum of the resulting series is calculated. The integrands in these improper integrals oscillate rapidly. The function g(x,k x ) can have very sharp peaks at the particular values of k x corresponding to the real part of a pole. Also, the functions g(x,k x ) attenuate very slowly resulting in poor convergence. Because of these two reasons, conventional numerical integration methods are not satisfactory. Figure 2 shows the behavior typical of such wavenumber integrals. Let I be the wave-number integral of interest.
where k x ϭs 0 is the location of the peak in the integrand. Let s 1 be a multiple of /x large enough that the irregularities at k x ϭs 0 have died down before k x ϭs 1 . Here, s 1 is chosen such that the function g(x,k x ) has no poles or zeroes when k x Ͼs 1 . The integral I is divided into four parts as shown in Fig. 2 :
The first three integrals are evaluated using the adaptive Clenshaw-Curtis quadrature method that was described in Sec. III. The integral I II is further subdivided into two equal subintervals before quadrature if the near singularity at k x ϭs 0 is very strong. The last part, I IV is an improper integral with the near singularity removed. The integral I IV can be expressed as where s 2 ,s 3 ,s 4 ,... are the consecutive integer multiples of /x. This infinite series of subintegrals is an alternating series, with each term being opposite in sign to its preceding term. Therefore I IV can be expressed as
All of the terms A 1 ,A 2 ,A 3 ,A 4 ,A 5 ,... have the same sign and each can be evaluated by the adaptive Clenshaw-Curtis method. The absolute series is monotonously decreasing. Longman 17 described a method in which slowly converging alternating series of this kind can be transformed into swiftly converging series. According to Euler's transformation define the forward difference terms:
Then the series after transformation is
͑83͒
The remainder R p after p terms is bounded by 2 Ϫp ͉⌬ p A 0 ͉. Thus the slowly converging series has been converted to a rapidly converging series. This series summation is carried out with as many terms as are needed to make this error smaller than the tolerance value. Shank's paper 18 contains an extensive treatment of Euler's transformation and other nonlinear sequence-to-sequence transformations. The effectiveness of these transforms in accelerating convergence in some slowly converging series and in inducing convergence in some diverging series is discussed. Difficulties which sometimes arise in the use of these transforms such as nonuniform convergence to the wrong answer, irregularity and the ambiguity of multivalued functions are also investigated. Dravinski and Mossessian 16 have also successfully used Euler's transformation to evaluate wave-number integrals.
To demonstrate the accuracy of the adaptive integration technique described in the Sec. III, the zero order Hankel function of the first kind given in the wave-number integral form by Eq. ͑17͒ is compared with the conventional series summation form. The symbolic computational program MAPLE 19 is used to calculate the Hankel function accurately to 20 decimal places and it is taken as the exact value with which the wave-number integral is compared. Figure 2 shows the real part of the integrand. The integral is evaluated in double precision with the tolerance set at ⑀ϭ1.0EϪ11. In Table I , NS is the number of subintervals required, which is a measure of the number of function evaluations needed, and the error is the absolute distance between the exact and calculated values. From the results of Table I , it is clear that the adaptive integration technique is very accurate. FIG. 8 . Comparison of the G f (r,r s ;k) given by Eqs. ͑54͒ and ͑61͒ along xϭ0 for a semi-infinite plate with a free edge. Key: ---, Eq. ͑54͒; ᭺, Eq. ͑61͒. FIG. 9 . Vibratory response G f (r,r s ;k) for (x,y)͓Ϫ5,ϩ5͔ϫ͓0,5͔ for a semi-infinite plate with a free edge.
V. RESULTS AND DISCUSSION
For the sake of illustration, the excitation point is located at (x s ,y s )ϭ(0,1) and a bending wave number of kϭ5ϩ0.005i is chosen for a semi-infinite plate with a clamped edge. The observation location in the semi-infinite plate is restricted to (x,y)͓Ϫ5,ϩ5͔ϫ͓0,5͔. The two representations for the Green's function G c (r,r s ;k) given by Eqs. ͑33͒ and ͑42͒ are compared in Fig. 3 from which it can be inferred that both solutions are practically identical. The calculation using Eq. ͑42͒ is faster because its integrand does not have a near singularity in the interval of integration. The vibratory response is depicted in Fig. 4 . The shear force and bending moment distributions along the plate edge (yϭ0) are plotted in Figs. 5 and 6, respectively. The solutions with clamped and simply supported boundary conditions G c (r,r s ;k) and G s (r,r s ;k) are compared in Fig. 7 to study the influence of the clamping term as the excitation frequency increases. As expected, from Fig. 7 it is seen that the solutions behave quite differently near the edge yϭ0, but in the vicinity of the source (y s ϭ1) the infinite plate Green's function G ϱ (r,r s ;k) dominates the response. Away from the source and the edge, all the solutions fall off because of geometric spreading that is given by the 1/ͱr term.
Similarly, for the numerical study of a plate with a free edge, we choose the same excitation location (x s ,y s ) ϭ(0,1), bending wave number of kϭ5ϩ0.005i, and the observation domain (x,y)͓Ϫ5,ϩ5͔ϫ͓0,5͔, as in the clamped case. The two representations for the Green's function G f (r,r s ;k) given by Eqs. ͑54͒ and ͑61͒ are compared in Fig. 8 and found to be identical. The vibratory response is shown in Fig. 9 . The solutions with free and roller supported boundary conditions G f (r,r s ;k) and G r (r,r s ;k) are compared in Fig. 10 from which the edge and source effects are apparent.
It should be noted that Eqs. ͑30͒, ͑39͒, ͑51͒, and ͑59͒ are all symmetric with respect to r and r s , since the solution should remain unchanged when the source and the observation locations are interchanged, because of reciprocity. It is well known that the driving point mobility of a infinite plate Ŷ ϱ (k) is real valued and independent of excitation frequency. This result can be directly obtained from G ϱ (r,r s ;k) as Normalized driving point mobility Ŷ n (ky) for a semi-infinite plate with different edge conditions. Key: ---, clamped edge; ----, free edge; -᭺-, simply supported edge; -* -, roller supported edge. Note that Re(Ŷ n )ϭ1, Im(Ŷ n )ϭ0 correspond to the driving point mobility of an infinite plate.
